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Abstract. We prove global subelliptic estimates for quadratic differential opera- 
tors. Quadratic differential operators are operators defined in the Weyl quantization 
' by complex-valued quadratic symbols. In a previous joint work with M. Hitrik, we 

, pointed out the existence of a particular Hnear subvector space in the phase space 

' intrinsically associated to their Weyl symbols, called singular space, which rules spec- 

, tral properties of non-elliptic quadratic operators. The purpose of the present paper 

Q^' is to prove that quadratic operators whose singular spaces are reduced to zero, are 

D , subeUiptic with a loss of "derivatives" depending directly on particular algebraic prop- 

' erties of the Hamilton maps of their Weyl symbols. More generally, when singular 

spaces are symplectic spaces, we prove that quadratic operators are subelliptic in any 
direction of the symplectic orthogonal complements of their singular spaces. 
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1.1. Miscellaneous facts about quadratic differential operators. Since the 
classical work by .1. Sjostrand [Tl], the study of spectral properties of quadratic 
differential operators has played a basic role in the analysis of partial differential 
\^ • operators with double characteristics. Roughly speaking, if we have, say, a clas- 

OO . sical pseudodifferential operator on R" with the Weyl symbol p{x,^) = 

Pm{x,^) + Prn-i{x,^) -l- . . . of Order m, and if Xq — (xq, $o) G M^" is a point where 

PrniXo) = dpm{Xo) = 0, 

ON ■ 

' then it is natural to consider the quadratic form q which begins the Taylor expansion 

00 , of Pm at Xo in order to investigate the properties of the pseudodifferential operator 

' p{x,^)^ . For example, the study of a priori estimates such as hypoelliptic estimates 

of the form 

||u|U_i<CK(||p(x,C)'"u||o + lhlU-2), ueC^{K), KccR", 

^ . then often depends on the spectral analysis of the quadratic operator q{x,£,)^. See 

also [6], as well as Chapter 22 of [7J together with further references given there. 
In [TT], the spectrum of a general quadratic differential operator has been determined, 
under the basic assumption of global ellipticity for the associated quadratic form. 

In a recent joint work with M. Hitrik, we investigated spectral properties of non- 
elliptic quadratic operators. Quadratic operators are pseudodifferential operators 
defined in the Weyl quantization, 

(1.1) qix^O'^Mx) = ^ j^^yi--y)-^q{^^y-,s}^u{y)dydt 

by some symbols q{x,S), where (x,<^) S R" x R" and n S N*, which are complex- 
valued quadratic forms. Since these symbols are quadratic forms, the corresponding 
operators in l|l.ip are in fact differential operators. Indeed, the Weyl quantization 
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of the quadratic symbol x"S,^ , with (a,/3) G N^" and ja + /3| < 2, is the differential 
operator 

— , =1 dx- 
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One can also notice that quadratic differential operators are a priori formally non- 
selfadjoint since their Weyl symbols in Ijl.ip are complex-valued. 

Considering quadratic operators whose Weyl symbols have real parts with a sign, 
say here, Weyl symbols with non-negative real parts 

(1.2) Re g > 0, 

we pointed out in [5] the existence of a particular linear subvector space S in the phase 
space R" x intrinsically associated to their Weyl symbols q{x,S), called singular 
space, which seems to play a basic role in the understanding of the properties of these 
non-elliptic quadratic operators. We first proved in [5] (Theorem 1.2.1) that when 
the singular space S has a symplectic structure then the associated heat equation 

(13) I ^{t,x)+q{x,£,ru{t,x)={) 

\ u(i,-)|t=o = Mo e L2(E"), 

is smoothing in every direction of the orthogonal complement S'^^ of S with respect 
to the canonical symplectic form a on R^", 

(1.4) a{{x, e), (y, v)) - ^-v - ^-V, i^, e (y, v) G R'", 

that is, that, if {x',^') are some Hnear symplectic coordinates on the symplectic space 
S"^ then we have for alH > 0, TV G N and u G L^iW" ), 

(1.5) ((1 + + |C'n^)'"e-*«("'«)™u G L2(E"). 

We also proved in [5] (Theorem 1.2.2) that when the Weyl symbol g of a quadratic 
operator fulfills l|1.2p and an assumption of partial eUipticity on its singular space S 
in the sense that 

(1.6) (x,C)G^, r7(x,e) = 0=>(a;,0=0, 

then this singular space always has a symplectic structure and the spectrum of the 
operator q{x, ^)"' is only composed of a countable number of eigenvalues of finite mul- 
tipHcity, with a structure similar to the one known in the case of global eUipticity [H] . 

In the present paper, we are interested in investigating the role played by the 
singular space when studying subelliptic properties of quadratic operators. We shall 
first prove that quadratic operators whose singular spaces are reduced to zero, fulfill 
global subeUiptic estimates 

(1.7) \\{{ix,or^'-'T4L^ ^ ik(^,o™«iiL^ + Ml^, 

where ((x,^)) = (1 -I- |a;p + |CP)^^^, with a loss of "derivatives" S > which can 
be directly characterized by algebraic conditions on the Hamilton maps of their Weyl 
symbols. More generally, when singular spaces S have a symplectic structure, we prove 
that quadratic operators are subelliptic in any direction of the symplectic orthogonal 
complements of their singular spaces 5"^-^-, in sense that, if {x',^') are some linear 
symplectic coordinates on S"^-^ then 

(1.8) \\{{ix\af^'-''T4L^ ^ M^^O'-'uh^ + \\uh., 

where again, the loss of "derivatives" S' > can be directly characterized by algebraic 
conditions on the Hamilton maps of their Weyl symbols. 
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Before giving the precise statement of our main result, we shall recall miscellaneous 
facts and notations about quadratic differential operators. In all the following, we 
consider 

q:K^xR^ ^ C 

a complex- valued quadratic form with a non-negative real part 

(1.9) Re q{x, C) > 0, (x, C) e M^", neN*. 

We know from [8] (p. 425) that the maximal closed realization of the operator q{x, ^)"', 
i.e., the operator on L^(M") with the domain 

D{q) = {u e L2(M") : q{x,0'"u € L2(M")}, 
coincides with the graph closure of its restriction to 5(R"), 

Associated to the quadratic symbol q is the numerical range T,{q) defined as the 
closure in the complex plane of all its values, 

(1.10) S(q) = q{W^ X Mp. 

We also recall from [7] that the Hamilton map F S M2„ (C) associated to the quadratic 
form q is the map uniquely defined by the identity 

(1.11) q{{x, 0; {y, v)) = <^{{x, 0,F{y, v)) , {x, e iv, v) e k'", 

where q[-- •) stands for the polarized form associated to the quadratic form q. It 
directly follows from the definition of the Hamilton map F that its real part Re F and 
its imaginary part Im F are the Hamilton maps associated to the quadratic forms Re q 
and Im q, respectively. One can notice from (|l.lip that a Hamilton map is always 
skew-symmetric with respect to a. This is just a consequence of the properties of 
skew-symmetry of the symplectic form and symmetry of the polarized form, 

(1.12) VX, Y e R2" , a{X, FY) = q{X; Y) = q{Y; X) = (7{Y, FX) = -(j{FX, Y). 

Associated to the symbol q, we defined in [5] its singular space S as the following 
intersection of kernels, 

(1.13) = ( n Ker[Re F(Im F)^]) n 

j=o 

where the notations Re F and Im F stand respectively for the real part and the 
imaginary part of the Hamilton map associated to q. Notice that the Cayley-Hamilton 
theorem applied to Im F shows that 

(Im F)'=X e Vect(X,...,(Im i^)2"-ix), X e M^", keN, 

where Vect(X, (Im F)^^^^^X) is the vector space spanned by the vectors X, 
(Im _F)^"^^X, and therefore the singular space is actually equal to the following finite 
intersection of the kernels, 

2n-l 

(1.14) = ( n Ker[Re F(Im F)^]'^ nR^". 
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1.2. Statement of the main results. In this paper, we shall first study the specific 
case where the singular space S is reduced to {0}. By assuming that 

(1.15) ^ = {0}, 

we can therefore consider the smallest integer < ko < 2n — 1 such that 

ko 

(1.16) ( Pi Ker[Re F(Im i^)^]) n R^" = {0}, 
and state the following result: 

Theorem 1.2.1. Consider a quadratic operator q{x.X)^ whose Weyl symbol 

q:R^xR^ C 

is a complex-valued quadratic form fulfilling (|1.9p and l|1.15p then the operator q{x , 
fulfills the following global subelliptic estimate 

(1.17) 3C > Q,yu e D{q), ||(((x,^))2/(2fco+i))-y||^^ < c{\\q{x,O^AL'^ + \\u\\l^), 

where ko stands for the smallest integer < ko < 2n — 1 such that (|1.16p is fulfilled, 

and{{x,0)^{l + \x\' + m'/'. 

We shall begin our few comments about the result of Theorem 11.2.11 by noticing 
that the estimate (|1.17p is easy to obtain in the case where ko — 0. Indeed, we shall 
check in the following, that in this case the operator q{x,^)^ is necessarily eUiptic, 
and we recall from [H] that, when q{xX)'^' is an elliptic quadratic operator whose 
Weyl symbol fulfill (fTm PI that is, an operator whose Weyl symbol q{xX) is globally 
elliptic on the phase space M^", 

(1.18) (x, e K'", q{x, = 0^ (x, = 0, 

then one can construct a parametrixe inducing that this elliptic quadratic operator 
defines a Fredholm operator of index with discrete spectrum (Theorem 3.5 in |llj). 

(1.19) q{x,0'^ -.B^L^W^), 
where B is the Hilbert space 

(1.20) B= {ue i2(M«) : q{x,0'"u G L2(R")} 

^ {ue L^iR"") : x^D^^u S L^{W') if \a + (3\<2}, 

with the norm 

11^111= E 

\a+P\<2 

We therefore have in this case the natural a priori estimate 

(1.21) 3C>0,VueB, \\{{{x,0)T4L-<CiM^-^0'"^\\L- + ML-), 

which gives the estimate (|1.17p of Theorem II. 2. II when ko — 0. 

A noticeable example of quadratic operator fulfiUing the assumptions of Theo- 
rem 11.2.11 is the Fokker-Planck operator 

K = -A, + ^-^+v.d^- {d^Vix)).d,, ix,v)eR^ 
^One can actually only assume that 7^ C, when n = 1, see Lemma 3.1 in [11) . 



5 



with a quadratic potential 

V{x) = iaa;^ a e R*. 

Here, we consider this non-eUiptic operator only in the one-dimensional case, but it is 
of course just for convenience reasons. Considering this example, our Theorem 11.2.11 
allows to recover the global subelliptic estimate proved by B. Helffer and F. Nier in 
[2] (Proposition 5.22), 

(1.22) 3C > 0,Vu e DiK), \\Al^'u\\h + < C{\\Ku\\% + \\u\\l,), 
where 

A, = (-A, + x^Ay/^ and A, = (-A, + v^Ay/^ 
The Fokker-Planck operator with a quadratic potential can indeed be expressed as 

K = qix,v,tvr 

with a Weyl symbol 

V, if) ^rf + + i{v£^ - ax-q), 

which is a non-elliptic complex-valued quadratic form whose real part is non-negative. 
By checking that the associated Hamilton map 

V, ^, 1]) = ct((x, V, T]),F{x, V, ^, ry)) , 

\ 
1 

iai ' 

S = Ker(Re F) n Ker(Re Im F) n M'^, 
is equal to {0}, we therefore deduce from Theorem ll.2.1l the global subelliptic estimate 

(1.23) 3C > Oyu e D{K), \\{{{x,v,^,r^)f/^yu\\^, < C{\\Ku\\l2 + \\u\\l2). 

Notice that the improvement in the variables (w,?7) appearing in the estimate l|1.22p 
is easily obtained by using the Cauchy-Schwarz inequality in the following estimate 

2\\A,u\\l, - WuWl. - 2ReiKu,u) < 2\\Ku\\l2\\u\\l2 < \\Ku\\l, + 

The work of B. Helffer and F. Nier in [2] about this particular example of the 
Fokker-Planck operator with a quadratic potential has been the starting point of our 
investigation of subelliptic properties for quadratic differential operators. Neverthe- 
less, the reader will notice that our proof of Theorem 11.2.11 will not use the same 
approach as the one followed by B. Helffer and F. Nier. Indeed, the proof of (|1.22p in 
[2j really takes advantage of the very specific structure of the Fokker-Planck operator 
and seems difficult to adapt in a general setting. For our proof, we shall rather use a 
multiplier method inspired from the work of F. Herau, J. Sjostrand and C. Stolk in [3], 
once we will have achieved the construction of a weight function (Proposition 12.0. ip . 

One can explain the loss of "derivatives" (See (|1.7p ). 6 = 2/co/(2/co + l) appearing in 
the estimate l|1.17p by the following informal discussion. There are two different types 
of points Xq — (xo,Co) in the phase space R^": those for which Re q^Xo) > and 
those for which Re q{Xo) = 0. Difficulties will come from the presence of this second 



and that the singular space 
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type of points, and the fact that the set 9S(<?) fl T,oo{q), where (See Theorem 1.4 
in m), 

Soo('z) = \z : z = lim q{xj,£^j), \{xj,S,j)\ +00 when j +00 >, 

may not be empty in general. In order to deal with that kind of points, we shall take 
advantage from the noticeable property that the average of the real part of q, 

(1.24) (Re q)T{X) ^ 2. y ^ Re q{e*"^-^^ X)dt » \X\\ 

by the flow generated by the Hamilton vector fleld of its imaginary part 

^ dim q d dim q d 

is always a positive definite quadratic form when its singular space 5 = 0. This 
particular property (proved in [5]) ensures that the operator (7(x,^)™ is of principal- 
type 

dim q{Xo) ^ 0, 

in any non-zero point Xq S K^" for which Re q{Xo) = 0. We also noticed in [5] 
(See Remark, Section 2) that the property (|1.24p induces that one can find for any 
non-zero point Xq G K.^" such that Re q{Xo) = 0, a positive integer 1 < fc < 2n — 1 
such that 

(1.25) V < j < 2fc - 1, Hl^^Re q{Xo) = and i/j'^Re q{Xo) ^ 0. 

All the points are therefore of finite type. Since moreover the condition (P) holds 
because of the sign property of Re q, one can microlocalize the operator g(x,^)™ in 
a neighborhood of a point X^ G M^" such that l|1.25p holds, to the subelliptic model 
operator with large parameter A > 1, 

Dt + iA^t^'', 

where roughly speaking, A ^ {x^ + $^)^/^; for which the classical a priori estimate 

(1.26) \\Dtu + iAH^''u\\l2 > {A^)^\\u\\l2, 

is fulfilled. This informal discussion allows to understand from l|1.26p from where the 
loss of "derivatives" appearing in (|1.17p comes. Indeed, the integer kg in Theorem ll.2.11 
that we characterize there by other algebraic properties on the Hamilton map, can 
also be characterized as the smallest integer < fco < 2n — 1 such that for any 

X G R2", X ^0, 

3 < /c < fco,V < j < 2fc - 1, Hi^^Re q{X) = and fff^Re q{X) ^ 0. 

Let us now consider the more general case where the singular space S defined in 
(|1.14p has a symplectic structure, that is, that the restriction of the symplectic form 
cr to S" is non-degenerate. We recall (see [5]) that this assumption is always fulfilled 
when the symbol q fulfills l|1.9p and an assumption of partial ellipticity on its singular 

space S", 

{x,0&S, g(x,O=0^(x,e)-0. 
By denoting now the smallest integer < fco < 2n — 1, such that 

feo 

(1.27) 5*= f p|Ker[ReP(ImF)^]j nM^"^ 
one can generalize Theorem 11.2.11 as follows: 
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Theorem 1.2.2. Consider a quadratic operator q{x,S)^ whose Weyl symbol 

q-.K^xR^ ^ C 

is a complex-valued quadratic form fulfilling l|1.9p . When its singular space S has a 
symplectic structure then the operator qix,^)"^ is subelliptic in any direction of 3°^^ 
in the sense that, if (x',S^') are some linear symplectic coordinates on S"'-^ then we 
have 

(1.28) 3C>0.yueD{q), ||(((x',e'))'/^''"+'0"'"|L. <C(||q(x,e)'"^||L^ + h||L^), 
where ko stands for the smallest integer < ko < 2n — 1 such that (|1.27p is fulfilled, 
and{{x',e)) = {l + W\' + W\Y/^- 

As we will see in the following, Theorem 11.2.21 will be deduced from a simple 
adaptation of the analysis led in the proof of Theorem 11.2.11 

Acknowledgements. The author is particularly grateful to M. Hitrik and N. Lerner 
for very enriching comments and remarks about this work. 

2. Proof of Theorem I1.2.1I 

In the following, we shall use the notation Sn(rn{XY ,m{X)^^'^dX'^'j , where fl is 
an open set in M^", r, s G M and m E C°°(ri,R^), to stand for the class of symbols a 
verifying 

a e C^{n), Va e N2",3C„ > 0, \d'^a{X)\ < C„m(X)''-"l"l , X eQ. 

In the case where fl = M^", we shall drop for simplicity the index fl in the notation. 
We shall also use the notations f ^ g and f ^ g, on fl, for respectively the estimates 
3C >0, f <Cg and, / < 5 and g < /, on Q. 

The proof of Theorem ll.2.1l will rely on the following key proposition. Considering 

g : X ^ C 

a complex-valued quadratic form with a non-negative real part 

(2.1) Re q{x,S,) > 0, {x,0 e M^",n e N*, 

we assume that there exist a positive integer m e N* and an open set flo in R^" such 
that the following sum of m + 1 non-negative quadratic forms satisfies 

m 

(2.2) 3co > 0,VX e Qo, ^y^) - col^P, 

j=o 

where the notation Im F stands for the imaginary part of the Hamilton map F as- 
sociated to the quadratic form q, then one can build a bounded weight function with 
the following properties: 

Proposition 2.0.1. If q is a complex-valued quadratic form on M^" verifying (|2.ip 
and (|2.2p then there exists a real-valued weight function 

geSnoilAXy^dX^), 

such that 

(2.3) 3ci,C2 > 0,VX G r!o, Re q{X) + ciHu^q g{X) + 1 > C2{X)^^ , 
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where the notation Hi^q stands for the Hamilton vector field of the imaginary part 
of q- 

The construction of this weight function will really be the core of this paper. Its 
proof, which is technical, is given in Section [H Let us mention that because of 
its simple properties, this weight function may also be of further interest for future 
studies of doubly characteristic pseudodifferential operators with principal symbols 
whose Hessians at critical points fulfill l|1.9p and (jl.lSp . 

Before proving this proposition, we shall explain how we can deduce Theorem ll.2.11 
from it. In doing so, we shall use as previously mentioned a multiplier method in- 
spired from the work |4j of F. Herau, J. Sjostrand and C. Stolk about Fokker-Planck 
operators. In their analysis, they are led to establish a similar estimate as l|1.17p in 
the case where the non-negative integer fco in Theorem 11.2.11 is equal to 1. One can 
indeed check that their subelliptic assumption for their symbols at critical points, say 
here Xq = 0, 

3eo > 0, Re p{X) + eoi^LpRe p{X) ~ \X\\ 

is equivalent to the fact that their Hessians in these points fulfill (|2.2p with m = 1 and 
fio = K^". In order to define our multiplier, we shall use the Wick quantization of the 
weight function given by Proposition 12.0.11 The definition of the Wick quantization 
and some elements of Wick calculus, we need here, are recalled in the appendix 
(Section [5TT1) . 

To check that we can actually deduce Theorem 11.2.11 from Proposition 12.0. 1^ we 
begin by considering a complex- valued quadratic form q on R^", n > 1, with a non- 
negative real part and a zero singular space S = {0}. We know from l|1.16p that one 
can find a smallest integer < fco < 2n — 1 such that 

fco 

(2.4) ( Pi Ker[Re i^(Im Py]^ n M^" = {0}. 

3=0 

We then notice, as in [5] and [10], that (|2.4p induces that the following sum of fco + 1 
non-negative quadratic forms 

fco 

(2.5) 3co > 0,VX e R2", r{X) ^^^e g((Im Py X) > co|Xp, 

3=0 

is a positive definite quadratic form. Let us indeed consider Xq £ M^" such that 
r{Xo) = 0. Then, the non-negativity of the quadratic form Re q induces that for all 
j = 0, ...,fco, 

(2.6) Re g((Im Py Xq) = 0. 

By denoting by Re q{X; Y) the polar form associated to Re q, we deduce from the 
Cauchy-Schwarz inequality, i|l.lip and ((T6l) that for all j = 0, fco and Y e R^", 

|Re q{Y; (Im PyXo)\^ = \(t{Y, Re F(Im PyXo)\^ 

< Re q{Y) Re ^((Im Py Xq) = 0. 

It follows that for all j = 0, fco and y e M^™^ 

cr(r,Re F(Im Py Xq) = 0, 

which implies that for all j = 0, fco, 

(2.7) Re F(Im Py Xq = 0, 

since a is non-degenerate. We finally deduce l|2.5p from l|2.4p . 
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In the case where fco = 0, the quadratic form Re q is positive definite. This 
impUes that the quadratic form q is eUiptic. As previously mentioned, the result of 
Theorem 11.2.11 is in this case a straightforward consequence of classical results about 
elliptic quadratic differential operators recalled in (|1.2ip . 

We can therefore assume in the following that /cg > 1 and find from Proposi- 
tion 12.0.11 a real- valued weight function 

(2.8) ge 5(l,(X)-^dX2), 
such that 

(2.9) 3ci,C2 >0,VXgK2", Reg(X)+cii?i„,, 5(X) + 1>C2(X}W. 

For < e < 1, we consider the multipHer defined in the Wick quantization by the 
symbol 1 — eg. We recall that the definition of the Wick quantization and some 
elements of Wick calculus are recalled in Section 15.11 It follows from (|2.8p , l|5.4p , 
(|5.7p . I|5.8p and the Cauchy-Schwarz inequality that 



(2.10) Re(gW'<='^u, (1 - £5)*''='=^) = (Re((l - eg)^'"'^q^'"'^)u, u) 

< 111 - £g|u.(K.„)||qW'*«iu.|l«llL^ < Ik'^'^^lli^ + < Ik-'^^lli^ + Mh, 

where 

(2.11) qix,0^q{x,^), 

because the operator (1 — eg)^"^^ whose Wick symbol is real-valued, is formally self- 
adjoint. Indeed, the symbol r{q) defined in (|5.8p is here just constant since q is a 
quadratic form. The factor 2tt in l|2.1ip comes from the difference of normalizations 
chosen between (|l.ip and (|5.9p (See remark in Section [5TT1) . Since from (|5.10p . 



(1 - sgr'^S"^''^ = (1 - eg)q + ^Vg.Vg - —{5, q} 



Wick 



s, 



with ||5'l|£(L2(][{,i-)') < 1, we obtain from the fact real Hamiltonians get quantized in 
the Wick quantization by formally selfadjoint operators that 



Re((l - £9)WickgWick) ^ _ ^ ^ ^ V.g.VRe q + ^if^, g 



Wick 



Re 5, 



because g is a real- valued symbol. Since Re g > and g £ L°° {&.""), we can choose 
the positive parameter e sufficiently small such that 

VXgM^", l-eg{X)>^, 

in order to deduce from ((T9l) . ((TTOl) and ijOl) that 

(2.12) (((X)^)WicVu) < \\ru\\l2 + \\u\\l2 + |((V(7.VRe g)Wi^Vw)|, 

because from §^ and ([521), 1^''='= = Id. 

By denoting X = (x,^/(27r)) and Op'^ [S{1, dX"^)) the operators obtained by the 
Weyl quantization of symbols in the class S{l,dX^), it follows from l|5.7p . I|5.8p and 
usual results of symbolic calculus that 

(2.13) ((X)^)'*'''^ - {{X)^y e Op^{S{l,dX')) 
and 

(2.14) {{X)W)'"{{X)W)'" - {{X)wy e Op'"(5(l,dX2)), 
since fco > 0. By using that 
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we therefore deduce from (|2.12p and the Calderon-Vaillancourt theorem that 

(2.15) \\{{X)^yu\\l, < WrnWh + \\u\\l, + |((Vg.VRe q)'^"^^u,u)\. 
Then, we get from and that 

(2.16) |((V(7.VRe g)^'<='=u, m) | < (|VRe q\'^''^u,u). 
RecalUng now the well-known inequality 

(2.17) |/'(x)p<2/(a:)||/"|U»(K), 

fulfilled by any non-negative smooth function with bounded second derivative, we 
deduce from another use of 115.31) that 



(2.18) (|VRe q\'^''^u,u) < (((Re q)i)^'''^u,u) < ((1 + Re q)^''^u,u), 
since Re g is a non-negative quadratic form and that 

2(Re g)^ < 1 + Re q. 
By using the same arguments as in l|2.10p . we obtain that 

((1 + Re (7)^!^"^^, u) = ((Re g)Wicky^ + || j,||2 ^ ^ Re(gWicky^ ^_ ||y||2 ^ 

< iigW-'^^iUHklU^ + ll^lli^ < h'^'^'Mh + Mh < WrnWh + Mh. 

It therefore follows from l(2J5l) . (pl6|) and i(2J8l) that 

(2.19) U{X}^ru\\l,<\\ru\\h + \\u\\h. 

In order to improve the estimate (|2.19p . we carefully resume our previous analysis 
and notice that our previous reasoning has in fact established that 

\\({X)^iyu\\l, < \Re{q^''^u, (1 - eg)'^''^u)\ + [((Vg.VRe q)'^'''^u,u)\ + \\u\\l2 
< iReig'^'^^u, (1 - eg)'^'''^u)\ + \Re{q'^'''^u,u)\ + \\u\\l. 



<\Re{q^u,{l-eg)'^'''^u)\ + \Reiq'^u,u)\ ' "-"^ 



u 



L2, 



because (1 — eg) is a bounded operator on L (K"), 

(2.20) ll(l-e5)'^'*ll£(L^) < ||l-eg|U=.(K.,.). 

By applying this estimate to {{X) ^'=0+^ we deduce from (|2.14p and the Calderon- 
Vaillancourt theorem that 

(2.21) \\{{X)wyu\\l, < \Re(^q^{{X)^)"u,{l-eg)'^''=^{{X)wyu^ 

+ \Re(^r{{X)^fu, {{X)^yu}j\ + \\{{X)^yu\\l, + \\u\\l,. 
Then, by noticing that the commutator 

(2.22) [r, {{X)^)"] e Op'"{S{{X)^,{X)-^dX^)), 
because 5 is a quadratic form, and that 

(2.23) {{X)-^)''"{{X)^y - Id e Op"'(^((X)-2, (xy^dx^)), 

we deduce from standard results of symbolic calculus and the Calderon-Vaillancourt 
theorem that 

II [r.. {{x)^y]u\\^, < II [r, {{x)wy] {{x)-^-y{{x)wyu\\^, + wuu^ 

(2.24) <\\{(X)wyu\\^, + \\u\\L2. 
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By introducing this commutator, we get from the Cauchy-Schwarz inequahty and 
((?!2il) that 



Re 



< 



Re 



+ \\{{x)^yu\\l ■ " 



l-lli- 



By using that another use of the Cauchy-Schwarz inequality and the Calderon-Vaillancourt 
theorem with (|2.14p gives that 



Re 



< \\ruh2\\{{x)wyu\\^,+\\ruh2\\uu., 

we deduce from i|2.19p and the previous estimate that 

Re(q'^{{X}^)'"u, {{X)^)'"v}j 

< \\ruh4i{^)^ru\\^, + \\q-u\\h + Mh- 

By using again the Cauchy-Schwarz inequahty, IpTTOl) . (|2?20|) . (|2?2T|) and (|2?24|) . this 
estimate imphes that 

Re([g'", {{X)^y]u, (1 - egr"^^{{X)^yu) 



(2.25) < 



< 
< 



lL2 



irt^lli. 



\\rnh4{{x)^y{i - egr''^^{x)^yu\\^, + wruwh + Mh, 



because we get from (|2.20p and l|2.24p that 

Re([g'", {{X)^y]u, (1 - ^^^'^((X)^)' 



V li' 1 1 2 



+ \\{(x}wyu\\^,\\u\\L2. 



Notice now that l(2^ . l(53| and ((F!6| imply that 

[((X) WTT)'", (1 _ £g)Wick] g 0p"'(5(l, dX^)), 

since (1 — e^)^"^*^ = 5™, with 5 G S'(l,c?X^) and /cq > 0. By introducing this new 
commutator, we deduce from the Calderon-Vaillancourt theorem, l|2.14p . (|2.19p and 
((2:201) that 



lL2 



1 1 ( (X) ) ( 1 _ eg) Wick ^ y 

+ 11(1 - £5)Wic'^((X)^)"((X) 

wTT)"'w||^, + \\{{x)wy({x)^yu\\^^ 
\\{{x)^yu\\^, + \\{{x)^yu\\^, + \\u\\l2 

\\{{X)wyu\\^, + \\q-uh2 + \\uh2. 
Recalling l|2.25p . we can then use this last estimate to obtain that 
(2.26) \\{{X}^yu\\l, < WruWh + Mh. 

By finally noticing from the homogeneity of degree 2 of g that we have 

{qoT){x,^) = -^q{x,0, 



< 
< 
< 
< 



lL2 
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if T stands for the real linear symplectic transformation 

T{x,i)^{{2^)-'^x,{2^)"H), 

we deduce from the symplectic invariance of the Weyl quantization (Theorem 18.5.9 
in [7]) that 

\\{{X)^^Yuf^,<\\q-u\\l. + \\u\\l., 
which proves Theorem ll.2.11 

3. Proof of Theorem 11.2.21 

This section is devoted to the proof of Theorem 11.2.21 We begin by recalling that 
the symplectic invariance property of the Weyl quantization (Theorem 18.5.9 in [7]) 
allows us to freely choose the Hnear symplectic coordinates (a;,^) in which we want 
to express our symbol q in our proof of Theorem ll.2.21 Considering 

g : X ^ C 

a complex- valued quadratic form with a non-negative real part 

Re q{x,0 > 0, (x,e) e M2",n e N*, 

and assuming that its singular space S has a symplectic structure, we deduce from 
Proposition 2.0.1 in [5] that one can find some linear symplectic coordinates in R^", 

{x,0^{x',x";e,C)&^^\ 

with {x',£^') and (x",^") some linear symplectic coordinates respectively in S°'^ and 
S; such that we can write the symbol q as the sum of two quadratic forms 

(3.1) q{x,0^qi{x',e)+iq2{x",e'), 

where qi is a complex-valued quadratic form on R^" with a non-negative real part 
and 92 is a real-valued quadratic form on R^" . More precisely, we proved in [5] 
(Proposition 2.0.1) that the spaces S and S'^'^ are stable by the real and imaginary 
parts of the Hamilton map F of the symbol q; and that the two quadratic forms qi 
and <72 are actually equal to 

qi{x', a = <7{{x', a,F\s'^ {x\ C')) and tq2{x" , ^") = a{{x", O, F\s{x", H) • 

By denoting Fi — F\gcT± the Hamilton map of qi, we first check that (|1.27p impHes 
that the non-negative quadratic form 

(3.2) riX') = Y,Req,{iImF,yX'), 

is actually positive definite on S°'-^. Indeed, consider Xq E 5'^^ such that r{XQ) — 0. 
As in l(2?7| . it follows that Re Fi(Im FiY X'^^, = for all < j < /cq, which according 
to Ifr271) . implies that £ n 5""^ = {0}. 

Let us first consider the case where ko > 1. As in the proof of Theorem 11.2.11 
one can find from p.2p and Proposition 12.0.11 a real- valued weight function in the 
variables X' ^{x',^)^ S"^, 

(3.3) 31 e5(l,(X')-^rf^"), 
such that 

(3.4) 3ci,C2>0,VX'e5"^, Re9i(X') + ciiJi„,,, gi(X') + l>C2(X')^. 
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When fco — 0, it is sufficient to just take gi = to fulffil l|3.4p . Then, as previously 
in l|2.1Qp . one can use the multipUer defined in the Wick quantization by the symbol 
1 — egi , for < e < 1 ; and consider the quantity 

Re(gW'<='^u,(l-e5i)W'<='^u). 

By noticing from l|3.ip that we have this time 

r f f 1 Wick 

Re((l-e5i)W'^'^gW'^'^) = {l-egi)Re q^ + — Vg,.VRe q, +—Hi^,, gi +Re ^i, 
^ 'I 47r An i 

with ||Re 5'i||£(i,2) < 1, since 

Hlmq gi = -fflmgi gi, 

because of the variables tensorization. Next, one can exactly resume our analysis led 
in the proof of Theorem 1 1 . 2 . 1 1 from (|2.12p in order to finish the proof of Theorem ll.2.21 

4. Proof of Proposition 12.0. 11 

We prove the proposition l2.0.1l bv induction on the positive integer m > 1 appearing 
in l|2.2p . Let m > 1, we shall assume that the proposition 12.0.11 is fulfilled for any 
open set fio of R^", when the positive integer in l|2.2p is strictly smaller than m. 

In the following, we denote by V', X and w some C°°(M, [0, 1]) functions respectively 
satisfying 

(4.1) ^- = 1 on [-1,1], supp^Ac [-2,2], 

(4.2) X = 1 on {x e M : 1 < |a;| < 2}, supp x C {a; £ R : 1/2 < |a;| < 3}, 
and 

(4.3) w = 1 on {x G R : [xl > 2}, supp w C {x e R : > 1}. 

More generically, we shall denote by ipj, Xj and Wj, j G N, some other C°°(R, [0, 1]) 
functions satisfying similar properties as respectively ip, x and w with possibly differ- 
ent choices for the positive numerical values which define their support localizations. 

Let Qq be an open set of R^" such that l|2.2p is fulfilled. Considering the quadratic 
form 

(4.4) rk{X) = Re g((Im F)''-'^X; (Im F)''X), k G N*, 
and defining 

(4.5) g^iX) = i,{Re g((Im F)"-!^) (X)"^™^) (X}-^r™(X), 

where ^ is the function defined in l|4.ip . we get from Lemma [5.2. II that 

Re 9((Im F^^X) 



(4.6) Hi^g g^{X) = 2^(Re g((Im F^'^ X) {X)-'-^&- 



{xy- 



( , , , 2(2,„-i) X Re q{ (Im FY'-^X; (Im FY^+^X^ 
2i^(Re g((Im Ff'-^ X){X)-^^\ ^-^ >- 

ifim9(V'(Reg((Im F^-^X) (X)-^ 



■j 2,71+1 



+ 7^(Re <7((Im Fy^-^X) (X)-^^)Hi^,((X}-^)r„(X). 
We first check that 

(4.7) G5(l,(X)-^™^dX2). 
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In order to verify this, we notice from Lemma [5.2.61 that the two quadratic forms 

(4.8) Re g((Im F)"'-^X; (Im F)"'X) and Re g((Im F)"'-'^X; (Im F)"'+^X), 
belong to the symbol class 

(4.9) Sn{{X)^,{X)-"-^^dX^), 

for any open set ^ where Re g((Im Fy^-^X) < (X) . To check this, we just 

use in addition to Lemma [5 . 2 . 61 the obvious estimates 

Re g((Im F)'"X)^ < {X) and Re ^((Im F)"'+'^X)^ < {X). 

Moreover, since 

(4.10) (x)-^ E sdxy^^^ixy^dx^), 

we obtain from l(4TT1) . (|44l) . (gj]), ijTSl) . (|49l) and Lemma ISTl 

Denoting respectively yli, v42, ^3 and the four terms appearing in the right 
hand side of (gJl), we first notice from (|41|) . (|48l) . (gj]), ijlTTOl) and Lemma [53?2l that 

(4.11) ^2 e 5(l,(X)-^™^dx2). 

Next, by using that 

Imqe S{{Xf,{X)-^dX'^), 

since Im g is a quadratic form, we get from (|4.ip . I|4.4p . I|4.8p . (|4.9p . I|4.10p and 
Lemma 15.2.21 that 

(4.12) A3 e S{{X)w^{X)-^^^^dX^), 
since 

i/im,(V'(Reg((Im F)™-!^) e (X}-^^^^^). 

By using now that 

Hu^g{{x)-^) eS{{x)-^,{xr^dx^), 

we finally obtain from another use of (|4.ip , (|4.4p , l|4.8p , (|4.9p and Lemma 15.2.21 that 

(4.13) AiE s{i,{xy^^^^dx^). 

Since the term A3 is supported in 

supp V'(Re g((Im F)™-iX)(X)-^^^), 

we deduce from igU), (|4lT1) . (|412|) and l(4J3l) that there exists xo a C°°(R, [0, 1]) 
function satisfying similar properties as in (|4.2p . with possibly different positive nu- 
merical values for its support localization, such that, 3ci, C2 > 0, \/X £ R^", 

(4.14) Hi^g g,„(x) +ci +C2Xo(Re g((Im F)"-!^) (X)^ 

/ . ^ ^, . 2(2^-1) \ Re afflm F)"^X) 
> 2V'(Re g((Im F)'"~iX) (X)-^^^ ) ^ '-. 

Recalling l|2.2p , one can find some positive constants C3 , C4 > such that 

m — 1 

(4.15) ^((i"! ^y^) ^ ^3i^i', 

J=0 

on the open set 

(4.16) ni = {X e M^" : Re g((Im F)"X) < C4\X\^} D f^o. 
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When m > 2, one can find according to our induction hypothesis a real- valued function 

(4.17) ~graeSn,{l,{X)-^dX^), 
such that 

(4.18) 3c5 > 0,VX G r!i, Re q{X) + c^Hi^^ ~grn{X) + 1 > {X)^ . 

For convenience, we set in the following gi — when m — 1. By choosing suitably 
tpo and Wo some C°°(M, [0, 1]) functions satisfying similar properties as the functions 
respectively defined in l|4.ip and (|4.3p , with possibly different positive numerical values 
for their support localizations, such that 

(4.19) supp Vo(Re g((Im Frx)\X\-^'^wo{X) 

C{X e M^" : Re g((Im F^X) < C4\X\^}, 

and setting 

(4.20) G^{X) = g,„{X) + i;o{Re q{(lm Frx)\X\-^^woiX)g^m{X), XeQo, 

we deduce from a straightforward adaptation of the Lemma 15.2.21 by recalling (|4.ip 
and KM that 



(4.21) Vo(Re g((Im F)"^ X)\X\-^^wo{X) £ S{l, {Xy^dX^). 
According to (|4.7p and l|4.17p , this implies that 

(4.22) Gi e Sn„{lAX)-^'dX^) and G„, G Sno{l.{X)-^^dX^), 
when m > 2. Since from l|4.2ip . 

i?im,(^o(Re q{{\m F)^ X)\X\-^)w^{X)) e {XyHX^), 

because Im g is a quadratic form, we first notice from l|4.16p . (|4.17p and l|4.19p that 

ifim,(V'o(Re g((Im Frx)\X\-^)w^{X)yg^{X) € 5n„(l, (X)-^^^^), 

and then deduce from {HHl), (gUSl), ijTTSl) . fTTOl) and l(T20l) that there exist cg, C7 > 
such that for all X gQq, 

Re qiX) + ceHi^, G™(X) + 1 + c^xo (Re g((Im F^-'X) (X)-^ot^) (X)^;^ 

/ X 1 , 2(2™-i)N Re 9((Im F)"X) 
> V(Re g((Im i^)"-iX)(X)-T^) ^ 

+ ^o(Re (z((Im Frx)\Xr^)wo{X){X)^ , 

when m > 2. Since 

, . ^ , . Re g((Im i^)"X) ^ , , 2 

when Re g((Im F)'"X) > \X\'^, we deduce from the previous estimate by distinguish- 
ing the regions in flo where 

Re g((Im F)"X) < jXp and Re q{{Im F)™X) > \X\^, 

according to the support of the function 

V'o(Reg((Im F)™X)|X|- 
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that one can find a C°°(M, [0, 1]) function wi with the same kind of support as the 
function defined in (|4.3p such that 

(4.23) 3c8,C9 >0,VX eflo, Re q{X) + csHu^q G^{X) 

+ C9Wi(Re g((Im F)"'~^X) {Xy^''^^-+^^ ) {X)^ + 1 > (X)^, 

when m > 2. When to = 1, we notice from (|2.2p that 

(4.24) Re g(lm FX) > {Xf, 
on any set where 

(4.25) |X| > cio and Re g(X) < 

if the positive constant cio is chosen sufficiently large. Moreover, since in this case 
Gi = gi and that Re g > 0, one can deduce from l(T3l) . l(4TT4l) . l(T24)) and (|4?25l) . 

by distinguishing the regions in fio where 

Re g(^) < {X)i and Re g(X) > {X)i , 
according to the support of the function 

i;{Req{X){X)-i), 

that the estimate (|4.23p is also fulfilled in the case to = 1. Continuing our study of 
the case where to = 1, we notice from l|4.3p and Re 9 > 0, that one can estimate 

wi{Re q{X){xyi){X)i < Re g(X), 

for all X e K^n^ therefore follows that one can find cn > such that for all 

x^rio, 

ReqiX)+ cni^im, Gi{X) + 1 > {X)i , 

which proves Proposition l2.0.1l in the case where m — I, and our induction hypothesis 
in the basis case. 

Assuming in the following that to > 2, we shall now work on the term 

wi(Re g((Im F)"-iX)(X)-^wi^) (X)^, 

appearing in l|4.23p . By considering some constants > 1, for < j < to — 2, whose 
values will be successively chosen in the following, we shall prove that one can write 
that for all AT e R^", 

/Re g((Im F)"-iX)\ - , , , , 

(4.26) „J_,, < WoiX)MX) 

7n—2 j ni—l 

+ Wo{x)(^Y[Wi{x))^,{x) + Wo{x)(^ II Wi{x)y 
j=i 1=1 1=1 

with 

. X / AvRe ^((Im Fy-^-^X) \ 

(4.27) *j(X) = V ^-^ i;;:^^ , < j < to - 2, 

\Re g((Im F)™-J-ia:)^'"-^^-i J 

, X I A,_iRe g((Im F)'^'^-^X\ \ 

(4.28) W,{X) = W2 ^ ^-^ , 1 < J < m - 1, 

\Re g((Im FY'~i X) 2—2^+1 j 



(4.29) Wo{X) = wi 



'Re q{{lm F)"'-^X) 

2(2m-l) 



where V' is the C°°(K, [0, 1]) function defined in dH]), and W2 is a C°°{M., [0, 1]) function 
satisfying similar properties as the function defined in l|4.3p . with possibly different 
positive numerical values for its support locaHzation, in order to have that 

(4.30) supp ip' C {w2 — l} and supp C {V' = l}- 

In order to check (|4.26p . we begin by noticing from (|4.3p . I|4.28p and (|4.29p that for 
< j < m — 1 , 

(4.31) Re g((Im F)"'-^-^X) ^"-^^-^ > Re ^((Im F)"'~^X) ^^^^^W 

> ... > Re g((Im F)"'-^X)^ > (X)^ , 

on the support of the function 

j 

supp^Wo Y\. ' if 1 — J — ^ or, supp Wq, if j = 0. 

Notice that the constants in the estimates l|4.3ip only depend on the values of the 
parameters Ao,...,Aj„i but not on A;, when I > j. This shows that the functions 

j m-l 

*o; (n^O*-'' for 1 < J < m - 2; and [] W/, 

1=1 1=1 

are well-defined on the support of the function Wq- Now, by noticing from l|4.ip . 
gJl), 10221), 114:2811 and KM that 

(4.32) l<-^j+Wj+i, 
on the support of the function 

3 

supp^Wo JJ Wi^ , if 1 < j < m - 2, or, supp Wq, if j = 0, 

1=1 

we deduce the estimate (|4.26p from a finite iteration by using the following estimates 

Wo < Wo*o + WqWi 

and 

t^o(n^i) <wo(^Y[wi^^,+wo(^Y[wiy 

1=1 1=1 1=1 

for any 1 < j < m — 2. One can also notice that l|4.32p implies that 

m — 2 k m — 1 

(4.33) II ( n n 

i=j+i i=j+i 

on the support of the function 

j 

supp^Wo Y\_ ' if 1 < J < ^ 2, or, supp Wq, if j = 0. 

1=1 

Since Re g > 0, we then get from l|4.3ip that 

m — 1 

(4.34) G M^", Wo{X)(^ II Wi{X)yX)^ < aA„,...,A„_,Re q{X), 

1=1 
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where aAo,...,A„_2 ^ positive constant whose value depend on the parameters 

(Aj)o<i<m-2- 

We define 

rm-j-iiX) 



(4.35) p,iX) - Wo{X)(^Y[WiiX))^iJ,{X) 

1=1 

for 1 < J < m — 2, and 

(4.36) poiX)^WoiX)M'oiX)- 



Re g((Im F)™-J-iX 



2Tn-2j-2 5 
2rn-23-l 



Re q{{Im i^)™-iX) 



where the quadratic forms are defined in l|4.4p . We get from (|4.ip . I|4.3p . (|4.27p . 
gjHl), ((T29| . (|43T1) . Lemma [5T2t Lemma lSTOl Lemma IKTSl and Lemma lSlTTI that 

(4.37) e ^(1, (X)- "'?'^+^"" dX'). 

for any < j < to — 2. 

We shall now study the Poisson brackets Himq Pj- In doing so, we begin by writing 
that 
(4.38) 

i/to, p,iX) = {H,^,,Wo)iX)(f[WiiX))^,iX) r„,-,-iiX) 



r=i ^ " Re g((Im F)™-J-iX)^"-'^-' 



WoiX) ( II WiiX)) (Hi^,^,) (X) 



t=i ' Re g((Im F)"-J-iX) 



(^)(n^'(^))*j(^)^i-9 (^Re g((Im F)™-^-!^) ^™=^^='^ r™_,_i(X) 



3 

' 1=1 

3 

w< 



^^{X){j{Wi{X)Y,{X) 



Hi 



1=1 ' Re g((Im i^)"-J-iX)=^'"-=^^-i 



£Tyo(X)(i?im,W^/)(X)( n l^fc(X))*,(X) 



' m— J — 1 



{X) 



Re g((Im F)™-J-iX 



2m-2j-2 •> 



for 1 < J < TO — 2. We denote by respectively -Bi.j, -82 j, -Sa.j, i34 j and -85 j the 
five terms appearing in the right hand side of l|4.38p . We also write in the case where 
J = 0, 

(4.39) p^{X) = {H,^gWo){X)MX) ^ 

Re g((Im F)'^-^X)^'^-' 

+ WoiX){H,^,^o)iX) ^rn-l{X) ^^^^ 

Re g((Im F)"^-^X) 

+ iyo(X)*o(^)-ffim, (Re g((Im F)'"-!^)"^) r„_i(X) 

Re g((Im F)™-iX)^"^i 

and denote as before by respectively -Bi,0; ^2,0, ^3,0 and -84^0 the four terms appearing 
in the right hand side of l|4.39p . 
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Since the constants in the estimates l|4.3ip only depend on the values of the param- 
eters Ao,..., Aj_i; but not on A;, when I > j; we notice from (|4.26p . I|4.3ip and l|4.34p 
that there exist ao > and some positive constants aj^Ao....,Aj-n for 1 < j < m — 1, 
whose values with respect to the parameters (A/)o<;<to-2 only depend on Ao,..., Aj_i; 
but not on A;, when I > j; such that for any constants {aj)i<j<m-2, with aj > 1; 
and X e R^'\ 

(4.40) 

wi ( ^^g((I"^ f )";''-^) ^ (^x)^ < aoWo{X)MX)Re g((Im F)'"-!^)^ 

m-2 j ^ 

+ J2 a,a,^A,_A^_,Wo{X)[l[WiiX))^,iX)Re q{{lm Fr-^-'X)^^^ 

j=i 1=1 
+ am-i,Ao,...,A™-2R-e qiX). 

The positive constant ao is independent of any of the parameters (A;)o<i<m-2. Setting 

m-2 

(4-41) p = aopo + ^ ajOj Ao,...,A,_iPi, 

we know from l|4.37p that 

(4.42) p e s^i^ixy^dx"^). 

For any £ > 0, we shall prove that after a proper choice for the constants (Aj)o<j<m-2 
and (aj)i<j<m-2, with Aj > 1, aj > 1, whose values will depend on e; one can find 
a positive constant ci2,£ > such that for all X g M^", 

(4.43) ci2.eRe q{X)+H,^gp{X)+e{X)— > wi „J_,, ^ {X)^ . 

V {X}^^ J 

Once this estimate proved. Proposition 12.0.11 will directly follow from l|4.22p . (|4.23p . 
(|4.42p and (|4.43p , if we choose the positive parameter e sufficiently small and consider 
the weight function 

g = Cis^eGm + Ci4,eP, 

after a suitable choice for the positive constants cia^e and Ci4^e. 

Let £ > 0, it therefore remains to choose properly these constants (Aj)o<j<m-2 
and {aj)i<j<m-2, with Aj > 1, aj > 1, in order to satisfy l|4.43p . 

Recalling from l|5.22p that 

(4.44) V < j < m - 2, Hi^, r„_,_i(X) = 2Re g((Im Fr-^-^X) 

+ 2Re g((Im F)"'-^X; (Im F)"'-^~^X), 

one can notice by expanding the term 2am-i,Ao,...,A„_2Re q + Hi^q p by using (|4.38p . 
(|i39l) and ijCTI) that the terms in 

m-2 

00-64^0 + ^ ajaj^Ao,...,Aj_i-B4j, 
i=l 
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produced by the terms associated to 2Re g((Im i^)™ ^ ^X) while using (|4.44p . give 
exactly two times the term 

(4.45) aoWo{X)-^o{X)Re g((Im F)"'-^X)^ 

m — 2 j 

+ E a,a,.A,_A^_,Wo{X)[l[Wi{X))^,{X)Re g((Im pr-^-'X)^^^ 

3=1 1=1 

+ am-i,Ao,...,A„_2R'e q{X), 

for which we have the estimate (|4.40p . To prove the estimate l|4.43p . it will therefore 
be sufficient to check that all the other terms appearing in l|4.38p and (|4.39p can also 
be all absorbed in the term l|4.45p after a proper choice for the constants (Aj)o<j<m-2 
and {aj)i<j<m~2', at the exception of a remainder term in 

e{X)^. 

We shall choose these constants in the following order Aq, ai, Ai, a2, am-2 and 

Am-2- 

We successively study the remaining terms in l|4.38p and l|4.39p , by increasing value 
of the integer < j < m - 2. We first notice from dH]), (gSl, ijT^ . gSl), (gjSl), 
Lemma 15.2.81 and Lemma 15.2.121 that one can choose the first constant Aq > 1 such 
that for all AT G R^", 

(4.46) ao\Bi,o{X)\ < Aq ^(X)^^ < -^{X}^. 

m — 1 

By noticing from l|4.3p and (|4.29p that the estimates 

(4.47) Re g((Im F)"'X) < {Xf < Re ^((Im F)"'-'^X) ^ , 

are fulfilled on the support of the function Wq, we deduce from (|4.ip . I|4.3p . (|4.27p . 
(|429l) . l(T39l) . Lemma Lemma [5X9l and Lemma [SXTOl that the modulus of the 
term -83^0 and the second term in -84,0 associated to 

2Re g((Im F)"'X; (Im F)"'-^X), 
while using (|4.44p . that we denote here -64,0, can both be estimated as 

ao\B3,o{X)\ + ao\Bi^oiX)\ < Ao^WoiX)-i'oiX)Re q{{lm F)'"-!^)^, 

for all X € R^". By possibly increasing sufficiently the value of the constant Aq which 
is of course possible while keeping l|4.46p . one can control these terms with the "good" 
term (|4.45p . The value of the constant Aq is now definitively fixed. In (|4.39p . it only 
remains to study the term i32,o- 

About this term, we deduce from (gill), gj]), l(T27|) . l(T29l) . l(T39l) . Lemma [5231 
and Lemma [52III] that for all AT e M^", 

(4.48) ao|S2,o(^)| < Wo{X)Wi{X)Re g((Im F)"''^X)^ . 

By using now (|43T|) and l(T33l) with j = 1, we obtain that for all AT e M^", 

ao\B2.,o{X)\ < c„-i.Ao,...,A„_.T^o(^)( H ^li^))^^ lW 

1=1 

m-2 i ^ 

+ E c,M,...A,-.Wo{X){j{Wi{X))^,{X)Re g((Im F)^-^-^ X)^'^^\ 

3=1 1=1 
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which implies that 

(4.49) ao\B2.o{X)\ < Re q{X) 

m — 2 j 

+ J2 CjM,...,A,-^Wo{X)(^l[Wi{X))^,{X)Re g((Im pr'^-^X)^^^, 
j=i 1=1 

where the quantities Cj,Ao,...,Aj_i stand for positive constants whose values depend 
on Ao,..., Aj_i, but not on {Ak)j<k<m-2 and {ak)i<k<rn~2, according to the remark 
done after l|4.3ip . One can therefore choose the constant ai > 1 in (|4.4ip sufficiently 
large in order to absorb the term of the index j = 1 in the sum appearing in the right 
hand side of the estimate l|4.49p by the term of same index in the "good" term (|4.45p . 
This is possible since the constants oi^Ao and ci,a„ are now fixed after our choice of 
the parameter Aq. 

This ends our step index j = in which we have chosen the values for the two 
constants Aq and ai > 1. We shall now explain how to choose the remaining constants 
(Aj)i<j<m_2 and {aj)2<j<m-2 in l|4.4ip in order to satisfy (|4.43p . This choice will 
also determine the values of the constants (aj,Ao,..._A^_j)i<j<m-2 appearing in (|4.4ip . 
After this step index j = 0, we have managed to absorb all the terms appearing in 
(|4.39p in the "good" term l|4.45p at the exception of a remainder coming from l|4.46p 
and l(Ti9l) . 

m-2 j ^ 

E c,,A,,...,A,^,Wo{X)[Y[Wi{X))^,{X)Re g((Im F)"^-^-' X)^^^- 



j=2 1=1 



where one recall that the positive constants Cj,Ao,...,Aj-.i only depend on Ao,...,Aj_i, 
but not on {Ak)j<k<m~2 and {ak)i<k<m~2- 

We proceed in the following by finite induction and assume that, at the beginning 
of the step index k, with 1 < fc < m — 2, we have already chosen the values for the 
constants {Aj)o<j<k-i and {oij)i<j<k in l|4.4ip : and that these choices have allowed 
to absorb all the terms appearing in the right hand side of (|4.39p and (|4.38p . when 
1 < j < ^ — 1; in the "good" term l|4.45p at the exception of a remainder term 

(4.50) —^e(X)w + 
m — 1 

m-2 j ^ 

J2 5Mo,...,A,-i,ai,...,a._iW^o(^)(nW^'(^))*^Wl^e 9((Im F)"-^"-!^) , 

j=k+l 1=1 

where the quantities Cj^Ao,...,Aj-i,ai,...,ak^i stand for positive constants whose values 
only depend on Aq,..., Aj_i, ai,..., ak-i; but not on (A;)j</<m_2 and (a/)fc<i<m-2- 

We shall now explain how to choose the constants A^ and; a^+i, when k < m — 3; 
in this step index k in order to absorb the terms appearing in the right hand side of 
(|4.38p . when j = k, at the exception of a remainder term of the type (|4.50p where k 
will be replaced by /c + 1; in the "good" term (|4.45p . Since the constants (Aj)o<j<fe-i 
and {cxj)i<j<k have already been chosen, we shall only underline in the following the 
dependence of our estimates with respect to the other parameters {Aj)k<j<,n-2 and 
{aj)k+i<j<m-2, whose values remain to be chosen. 

We notice fr om (lilll . K^ . Km . (l438ll . Km . Km . KM . Lemma [5231 and 
Lemma [5 . 2 . 1 21 that one can assume by choosing the constant Afc > 1 sufficiently large 
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that for all X e 



p2n 



(4.51) aka,,Ao,...M-.\BiMX)\ < {X)^ < -J-^{X)^ , 

since the constants ak, Ao,.---,Afe_i have already been fixed. Next, we deduce from 
gU), gSl), IIT271) . Km . Km . Km . km . Lemma [OJI Lemma [523] and 
Lemma [5 . 2 . 1 01 that the modulus of the term B^ ^ and the second term in B^ ^ asso- 
ciated to 

2Re g((Im Py-'^X; (Im F^-'^-^X), 
while using (|4.44p . that we denote here -84, fc, can both be estimated as 

akak,Ao,---Ak-i\B3,k{^)\ + «fcafc,Ao,...,Afc_il-B4,fc(^) 



< A^^Wo{X)(^Y[Wi{X)'^-^k{X)Re g((Im pr-'^'^X)^^^ 
1=1 



for all X G M^" . By possibly increasing sufficiently the value of the constant which 
is of course possible while keeping l|4.5ip . one can control these terms with the "good" 
term (|4.45p . 

For 1 < ^ < A:, we shall now study the term 



B5MX) = Wo{X){Hi^gWi){X)(^Y[W,{X)'^^k{X)- 



rrn-k-l{X) 



Re g((Im 

appearing in the term B^^k in l|4.38p . By noticing that 

Re g((Im Py^'-^X) - Af ^Re g((Im f)™-'-!^) ^^^^^ , 



2m-2fc-2 ' 
I 2m-2fc-l 



on the support of the function Hi^qWi+i, it follows from ijlTTI) . i(4!3| . (|427p . (|428l) . 
gSi), i|4^ . (0371), Lemma [lU and Lemma [533S that for all AT e K^"^ 

afeafc,A„,...,A,_jS5,fc,i(X)| < A^%o(X)*o(X)Re g((Im F)"-!^)^ 

and 

akak,Ao,...,Ak-i\B5,kAX)\ 



< A;^M/o(X)([] M(,-(X))*,_i(X)Re g((Im pr^tx)^^^., 
i=i 



when I > 2. By possibly increasing again the value of the constant A^, one can 
therefore control the term akak,KQ.,...,Kk_iB^^k with the "good" term (|4.45p . The value 
of the constant A^ is now definitively fixed. 

About the term B2,fc, we deduce from gj]), l(T27p . igUHl, l(T29| . (0311, 

(0J8l), Lemma [ETHl and Lemma [SHH] that for all AT G M^™^ 



(4.52) afcafe,A„,...,A,_jB2,fc(X)| 



fc+i 



< W'o(X)(^]J VK/(A:)jRe g((Im i^)™-'^-!^) ^—^''-i. 
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By distinguishing two cases, we first assume in the following that k < m — i. In this 
case, by using fTsTI) and (lOSj) with j = fc + 1, we obtain that for all X e M^", 

m— 1 

afcafc.A„....,A,_jS2,feW| <c;,_i,A^,,..._A_,.„,.....„,H^o(^)( H Wi{X))Re q{X) 

1=1 

m — 2 j 

+ E 4Ao....,A,-„a,.....a.W^o(X)(nW^,(X))^P,(X)Re q{ilm pr-^-^x)^^^ , 

j=k+l 1=1 

which implies that 

(4.53) akak,Ao,-Ak-l\B2,ki^)\ < C™_i^Ao....,A„-2,ai,...,a,Re q{X) 

+ E 4Ao....,A.-.,ai.....o.^o(^)(nW^'W)*.^-(^)Re 9((Im F)"--'--!^)^^^^, 
j=fc+l 1=1 

where the quantities c'jj^^ j^._^^^^^ ^^^ stand for positive constants whose values 
only depend on Aq,..., Aj_i, ai,..., a/c, but not on (A;)j<;<,„_2 and {ai)k+i<i<m-2- 
Indeed, we recall that the constants appearing in the estimates l|4.3ip only depend on 
the values of the parameters Aq,..., Aj_i; but not on (Ai)j<i<m_2 and (a/)i<i<m-2- 
One can therefore choose the constant au+i > 1 in l|4.4ip sufficiently large in order to 
absorb the term of index j = A: + 1 in the sum (|4.50p ; and the term of index j = k+1 
in the sum appearing in the right hand side of the estimate (|4.53p . by the term of 
same index in the "good" term l|4.45p . 

When k — m~2 and taking Am_2 = 1, it follows from (|4.3ip . used with j = m — 1, 
and 1(4:521) that for all X £ E^", 

m — 1 

(4.54) a™-2a^_2,Ao,...,A„_3|-B2,™_2(X)| < W'o(X)( J| Wi{X))Re g(Im FXf^ 

1=1 

< Re q{X). 

This process allows us to achieve the construction of the weight function p satisfying 
(|4.43p . which ends the proof of (|4.43p . This also ends the proof of Proposition l2.0.1l □ 

5. Appendix 

5.1. Wick calculus. The purpose of this section is to recall the definition and basic 
properties of the Wick quantization that we need for the proof of Theorem 11.2.11 We 
follow here the presentation of the Wick quantization given by N. Lerner in |9] and 
refer the reader to his work for the proofs of the results recalled below. 

The main property of the Wick quantization is its property of positivity, i.e., that 
non-negative Hamiltonians define non-negative operators 

a > a^'"^ > 0. 

We recall that this is not the case for the Weyl quantization and refer to [9] for an 
example of non-negative Hamiltonian defining an operator which is not non-negative. 

Before defining properly the Wick quantization, we first need to recall the definition 
of the wave packets transform of a function u e iS(]R"), 

where 
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and x'^ = xl + ... + a;^. With this definition, one can check (see Lemma 2.1 in [9]) that 
the mapping u i-^ Wu is continuous from iS(M") to 5(R^"), isometric from L^(R") to 
L^(R^") and that we have the reconstruction formula 

(5.1) Vw G 5(M"),Vx e M", u(a;) / Wu{y,r])(py^r,{x)dydr]. 

By denoting by Sy the operator defined in the Weyl quantization by the symbol 

Py{X) = 2"e-2Hx-y|^^ y = {y,T^) e M^", 
which is a rank-one orthogonal projection, 

(Si'u)(x) = Wu{Y)(py{x) = {u,(py)l^{r^)(Py{x), 
we define the Wick quantization of any L°°(M^") symbol a as 

(5.2) flWick^ /■ a{Y)T.YdY. 

More generally, one can extend this definition when the symbol a belongs to 5'(R^") 
by defining the operator a^"^^ for any u and v in iS(R") by 

where < ■, ■ >s'{R").s{R") denotes the duality bracket between the spaces 5'(R") and 
5(R"). The Wick quantization is a positive quantization 

(5.3) a > ^ a^''^'' > 0. 

In particular, real Hamiltonians get quantized in this quantization by formally self- 
adjoint operators and one has (see Proposition 3.2 in ^) that I/°°(R^"') symbols define 
bounded operators on L^(M") such that 

(5.4) l|a^'^'^|U(L.(R.)) < ||a|U»(K.-.). 

According to Proposition 3.3 in [HI, the Wick and Weyl quantizations of a symbol a 
are linked by the following identities 

(5.5) a^'''^ = a"', 
with 



/ a(x + y)e-2'^i^i'2"dr, X e 



(5.6) d{X) 
and 

(5.7) a^'^^ = a"^ + ria)"^ , 
where r{a) stands for the symbol 

(5.8) r{a){X) = 



!>2n 



[ [ {1^9)a"{X + eY)Y^e-^''^^^^2'''dYde, X e 
Jo Jr'^" 

if we use here the normalization chosen in |9] for the Weyl quantization 
(5.9) {a-u){x)= f e^^<^~yy^a(^,Au{y)dydt 



which differs from the one chosen in this paper. Because of this difference in nor- 
malizations, certain constant factors will naturally appear in the core of the proof 
of Theorem 11.2.11 while using certain formulas of Section 15.11 but these are minor 
adaptations. We also recall the following composition formula obtained in the proof 
of Proposition 3.4 in [9], 



(5.10) ^w.ck^w.ck^ ah - —a! .h' + —{a,h} 



Wick 



s, 
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with ||5'||£(L2(Kn-)) < (in||a||ioo72(6), when a G L°°(]R.^") and 6 is a smooth symbol 
satisfying 

72(6)= sup \b^^\X)T^\ < +00. 



TeK2T^,|T|=Il 



The term dn appearing in the previous estimate stands for a positive constant de- 
pending only on the dimension n, and the notation {a, b} denotes the Poisson bracket 

da db da db 

5.2. Some technical lemmas. This second part of the appendix is devoted to the 
proofs of several technical lemmas. 



Lemma 5.2.1. Ifh, h then 

(5.11) iJim, Re g((Im Ff^X; (Im Pf^X) = 2Re g((Im F)^^+^X; (Im F)^^X) 

+ 2Re g((Im F)^^X; (Im FY^+^X), 

where Re q{X; Y) stands for the polarized form associated to the quadratic form Re q. 

Proof of Lemma \5.2.1\ We begin by noticing from (|l.lip and the skew-symmetry 
property of Hamilton maps (|1.12p that the Hamilton map of the quadratic form 

f{X) = Re q((Im Py^X- (Im P^^X), 

is given by 

(5.12) F = ^((-l)'i(Im Pf^Re P{lm P)'^ + (-l)'^(Im i^)'^Re i^(Im P)'^), 
since for any li, I2 E N, 

(5.13) (-I)'V(X, (Im F)'iRe i^(Im FY^X) = cr((Im FY^X, Re F(Im Pf^X) 

= Re g((Im FY^X, (Im FY^X). 

Then, a direct computation (see Lemma 2 in [TO]) shows that the Hamiton map of 
the quadratic form 

( 9Im q df dim q df 

is given by the commutator — 2[Im P, F], that is, 

Hin.g f{X) = -2a{X, [Im P,F]X). 
A computation using l|5.13p then allows to directly get l|5.1ip . □ 

Lemma 5.2.2. Consider a C°°(R) function f such that 

/ G L°°(R) and 3ci,C2 > 0, supp /' C {x G M : ci < < ca}, 
then for all < a < 1 and fc G N, 

(5.14) /(Re g((Im P)'' X){X)-^") G ^(1, (X^^'^dX^). 
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Proof of Lemma 1 5. 2. S\ It is sufficient to check that 

(5.15) V(Re g((Im FfX){X)-^'') e (Xy^'^dX^), 

where 17 is a small open neighborhood of supp /'(Re g((Im We de- 

duce from (|2.ip . I|2.17p and the fact that Re g((Im F^X) is a quadratic form that 

Re g((Im F^X) - (X)^" 

and 

|V(Re g((Im F^X))] < Re q{{lm Ffxf^ < (X)", 

on n. By noticing that < a < 1, {Xy e S{{Xy, {X)-^dX^), for any r e M, and 
that the function Re q{{l-m F^X) is just a quadratic form, we directly deduce IjS.lSp 
from the previous estimates and the Leibniz's rule, since 

Re g((Im F^X) e Sn{{Xy", {Xy^^dX^). □ 



Lemma 5.2.3. For all s dM. and < j < m — 2, we have 

Re q{{Im Fy-^-^Xy e Sn(Re ^((Im Fy-^~^Xy,Re ^((Im Fy-^-'^ X)'^ dX' 
if fl is any open set where 

Re g((Im Fy-^-'^X) > {X) '"?^+r'' . 

Proof of Lemma fj.g.gl Recalling that the symbol Re ^((Im Fy~^~^X) is a non- 
negative quadratic form and that we have from (|2.17p that 

(5.16) |VRe 9((Im Fy~J^^X) \ < Re g((Im Fy-i-^X)y 

which implies that for all s e K, 



(5.17) 



V(Re g((Im Fy-^-^X) 



< 



|VRe g((Im Fy-^-'^X) 
Re g((Im Fy-^-^xY ^ Re g((Im Fy-^-^X) 

< Re g((Im Fy-^-^Xyy 



on 17, we notice that the result of Lemma [5.2.31 is therefore a straightforward conse- 
quence of the Leibniz's rule. □ 



Lemma 5.2.4. Consider the function defined in (|4.27p then for any < j < m—2, 

■fj e 5o(l,Re g((Im Fy-^-^Xy^^^^^^ dX^ 
if O is any open set where 

Re g((Im Fy-^-^X) > {X) "'"^'-+^''\ 
which implies in particular that 

^jeSn{l..{xy dX^). 
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Proof of Lemma \5.2.4\ We first notice from l|4.ip and i|4.27p that 

Re g((Im F)"'-'^'^X) ~ Re g((Im Fy-^-^X) 
on n supp ^'j. Since from l(2T7|) . 

(5.18) I VRe 9((Im F)"'-^-^X) \ < Re g((Im F)"'-^-^X 



2m-2j-3 
2m-2j-l 



< Re g((Im 2(2^-2.-1, ^ 

on r2 n supp we deduce that the quadratic symbol Re g((Im F)"^^^^^X) belongs 
to the class 



(5.19) ^onsupp*;- (Re g((Im Fr~^-'X 



Re g((Im F)™-J-iX 
It follows from Lemma [5.2.31 that 

Re g((Im F)"'-i-'^X) / 



2m-2j-3 / ' 
2m-2j-l 



£ '5'onsupp'I'^. (ij ■ 



2m-2J-3 ^ ^Sil ISUppT'. 1 J 2m-2j-3 



Re g((Im i^)™-J-iX) 2— 2J-1 ^ Re g((Im F)™-J-iX 

which implies that 

*j e 50(136 g((lm F)"'-^-^xy'"^-''^-'dX^y 

This ends the proof of Lemma [5.2.41 □ 

Lemma 5.2.5. Consider the function Wj defined in i|4.28p then for any I < j < 
m — 1, 

Wj G 50(136 g((Im F^-^-^Xy^dX^'' 
if is any open set where 

Re g((Im Fy^-^-^X) > {X) . 
which implies in particular that 

W, e 5o(l,(X)- "'?.^+^"" dX^). 



2Tn-2j-l 
2m-2j + l 



Proof of Lemma 1 5. ^. 51 By noticing from l|4.3p and l|4.28p that 

Re g((Im F)"'-^-^X) - Re g((Im F)'^^^ X 
and 

Re 9((Im F)"-^^) > (X) "'?'^+^^" , 

on n supp W'j, and that the two derivatives -0' and of the functions appearing 
in l|4.27p and (|4.28p have similar types of support as the function defined in (|4.2p , we 
notice that we are exactly in the setting studied in Lemma 15.2.41 with j replaced by 
j — 1 . We therefore deduce the result of Lemma 15.2.51 from our analysis led in the 
proof of Lemma [5.2.41 □ 

Lemma 5.2.6. Ifh, h then 

|Re g((Im F^X; (Im F^X)] < Re g((Im FY^X^Re q{{lm Ff^Xy, 

|VRe g((Im F^X; (Im F^ X)\ < Re g((Im FY'Xy + Re g((Im Ff^Xy. 
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Proof of Lemma 1 5. 2. 6[ By reason of symmetry, we can assume in the following that 
h < h- RecaUing that the quadratic form Re q is non-negative, the first estimate is 
a direct consequence of the Cauchy-Schwarz inequality. About the second estimate, 
we recall from (|5.12p that the Hamilton map of the quadratic form 

Re g((Im FY^X; (Im Ff^X), 

is 

i((-l)'i(Im F)'iRe F(Im F)'^ + (-l)'2{Im F)'^Re F(Im 
A direct computation as in (3.18) of [10] shows that 

(5.20) VRe q{(lm F^^X; (Im F)^^ X) = (-l)'i+V(Im F)'iRe F{\m F)^^X 

+ (-l)'^+V(Im F)'2Re F{\m Ff^X 

where 

f 

The notation /„ stands here for the n by n identity matrix. We deduce from l|2.17p 
and 1(5^ that for any fc e N, 

(5.21) |(Im F)'=Re F(Im F)''X\ < |VRe g((Im F'fX)] < Re g((Im F)''X)K 

By using twice the estimate (|5.2ip with respectively X and (Im FY^^'^'^X, and the 
index k — h, we deduce from (|5.20p the second estimate of Lemma [5.2.61 □ 



Lemma 5.2.7. Consider the quadratic form Tm-j-i defined in l|4.4p then for any 

< j <m-2, 



2m-2j-2 
2m-2j 



- e 5*0 (l, Re g((Im F^-^-^X) dX' 
1 ^ 



2(2T7i-2j-l) 
1 + 1 



Re g((Im F)"^-3-'^X) 
if fl is any open set where 

Re 9((Im F)"'-^-^X) > {X)^ 
and 

Re g((Im F)"'-^-^X) < Re g((Im Fj'^-i-^x)^^^^^^ , 
which implies in particular that 

e sn{i, {xy-^'^dx- 



2m-2j-2 

2m-2j-l 



Re g((Im F)"^-i-^X) ^—^^-i 

Proof of Lemma \5.2.7[ Since from Lemma 15. 2. 6^ 

\r,n-j-i{X)\ < Re g((Im Fr-^^'X] 
and 

|Vr„,_,_i(X)| < Re g((Im Fr-^-^X)^ +Re q{{lm F)™-^-^^)^ 

< Re g((Im F)"'-^-'^Xy, 
on i}, we get that the quadratic form rm-j-i belongs to the symbol class 

Sn(Re g((Im F^-^-^X) ^™=^^=',Re g((Im F)'"-^-!^) ^^^^^^dX^ 

One can then deduce the result of Lemma [5.2.71 from Lemma [5.2.31 □ 
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When adding a large parameter Kj > 1 in the description of the open set 1^, a 
straightforward adaptation of the proof of the previous lemma gives the following 
L°°[n) estimate with respect to this parameter. 



Lemma 5.2.8. Consider the quadratic form r,„_j_i defined in l|4.4p then for any 

< j < m - 2, 

||Re g((Im Fr-^'^^X) -^^^r„_,_i (X) < A'^ 
if VL is any open set where 

Re g((Im F)"'-^-^X) > 



and 

Re g((Im F)"-^-^^) < Aj^Re g((Im F)"'~^^^X) 



2m-2j-3 
2m_23-l 



In the following lemmas, we shall carefully study the dependence of the estimates 
with respect to the large parameter Aj > 1. 



Lemma 5.2.9. For any < j < m ~ 2, we have for all X ^ fl, 



2m-2j-2 
I 2m-2j-l 



2Re g((Im FY'~^~^X) 



Re g((Im 

< Aj^Re g((Im Fy'-^-^X) 

if VL is any open set where 

Re g((Im F^-^-^X) > {X) ^ 



Re ^((Im F)'^-^-^X) < Aj^Re q{{lm F)""^'^X^ 



Re g((Im F)"'-'X) < Re g((Im F)"'-^-^X) 



2T71-2j+l 

2m-2j-l 



Proof of Lemma 1 5. 2. 91 We begin by writing from l|4.4p and Lemma 15.2.11 that 

(5.22) Hi^g r„_,_i(X) =. 2Re g((Im Fr'^-^X) 

+ 2Re g((Im F)""-^ X; (Im F^'-^-'^X). 

Lemma 15.2.91 is then a consequence of the following estimate 
|Re g((Im F^-^X- (Im F)™-^-^^)! 

< Re g((Im F^-^XyRe q{{\m F^-^-'^Xy 

< AJ^Re g((Im Fy-'-^X), 
fulfilled on Q, that we obtain from Lemma [5.2.61 □ 
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Lemma 5.2.10. For any < j < m ~ 2, we have for all X ^ Q 

2m-2j-2 



27TT-2j-2 

2m-2j-l 



Re g((Im F)"'-^-^X) = ^ iJi„,, (Re ^((Im F)"'-^-^X 

< Re g((Im F)"'-i-^X 

if fl is any open set where 

Re g((Im Fj'^-^-^X) > {X) , 

Re g((Im F)"'-^-^X) < Aj^Re g((Im F)"'-^-^X) = 
Re g((Im F)"^-^X) < Re g((Im F)'"-^-!^) '"-'^'-V 



2m-2j-2 
" 2m-2j-l 



Proo/ o/ Lemma V5.2.10\ We begin by writing from Lemma f5.2.1l that 

(5.23) i7in,q Re g((Im = 4Re g((Im F)'^~^-^X; (Im 
Since 

277^-2j-2 / 

Re g((Im F^-'^^ XY"^-^^-' Hi^q{Re g((Im F)"-^-!^ 

2m - 2j - 2 iJimq Re g((Im F)"'-^-!^) 
" 2m - 2j - 1 Re ^((Im ' 

Lemma 15.2.101 is then a consequence of the following estimate 

(5.24) |Re g((Im F)"-^-!^; (Im F)"-^X) | 

< Re g((Im F)""^'^!^) ^Re g((Im F)"-^X)^ 

< Re g((Im F)"'-^-^ xf^^^^\ 
fulfilled on H that we obtain from Lemma [5 .2. 61 □ 



Lemma 5.2.11. Consider the functions and W^+i defined in (|4.27p and l|4.28p 
then for any < j < m — 2, we have for all X G fl, 

\Hung^,{X)\ < AjRe g((Im Fy^-^-^ X)^^^ W,+i{X), 

if fl is any open set where 

Re 9((Im Fy"-^-^X) > {X) ^ 



Re g((Im F)"'-'^-'^X) < Aj^Re g((Im F)"'-^-^X 
Re g((Im F)'"-^A:) < Re g((Im F)"'-^-^X 



2m-2j-3 
2TTi-2i-l 



2m-2j + l 
2TTi-2i-l 



Proo/ o/ Lemma \5.2.11\ We begin by noticing from l|4.28p and (|4.30p that 
AjRe g((Im F)"-J-2a:) 



(5.25) 



2m-2j-3 
, 2m-2j-l 



^Re g((Im F)™-J-iX)' 
and by writing from Lemma [5.2. II that 

(5.26) i/ini. Re g((Im F)™-^-^^) = 4Re g((Im F)™-^-^^:; (Im F)"-J-iX) 



It follows from Lemma [5.2.61 that for all X ^ fl, 

(5.27) |Re g((Im F)'^^i~'^X; (Im F)"'-^-^X) \ 

< Re 9((Im F)"-^-^^) ^Re g((Im F)"'-^-'^Xy 

< AJ^Re g((Im FY'^-^-'^X) 
Then, by writing that 



1 2m-2j-l 



AjRe g((Im Fy^-^-^X) \ _ A-jHi^g Re g((Im F^'-^-^X) 



Re g((Im 



2m-2j-3 
, 2m-23-l 



Re g((Im 

2m - 2j - 3 AjRe g((Im F)'"-J-2^)i7i„,, Re g((Im F)'"-^-!^) 



Re g((Im 



2m — 2j — 1 T, _ _v/T.__ t:in,„_o_i 1+^ 

Lemma [Orm is a consequence of ()427|) . ([5?23l) . ([5?24l) . ([5?26l) . ([5?27|) and fOSl) . since 

Re g((Im F^'-^-^X) - AjiRe g((Im F)"-^-!^) 
on the support of . □ 



2m-23-3 
, 2m-23-l 



Lemma 5.2.12. For m > 2, consider the function Wo defined in l|4.29p then for 

X e M^", 

\Hi^,Wo{X)\ <{X)^. 



Proof of Lemma V5.2.12\ Since |VIm q{X)\ < (X), because Im g is a quadratic form, 
Lemma [5.2.121 is then a consequence of l|4.3p . (|4.29p and Lemma [5. 2. 21 □ 



Lemma 5.2.13. Consider the function Wj+i defined in l|4.28p then for any < j < 
m — 2, we have for all X G 17, 

\Hi^gW,+i{X)\ < AjRe g((Im 

if fl is any open set where 

Re g((Im Fy-^-^X) > {x f'"^r^+^''\ 

Re ^((Im < A^iRe g((Im F)"'~'~^X 

Re g((Im < Re g((Im F)"'-^-^ X)'^~''^-' 



2m-2j-3 
2m-2j-l 



Proof of Lemma [KUM One can notice from gill), gS]), (gSZl), and l(430l) 

that 



(5.28) V < j < n - 2, 



AjRe g((Im F)"'-^-^X) 

"2 I 2m-2j-3 

Re g((Im F)"-J-iX) "—"^-^ 



and that the derivatives of '^j and Wj+i are exactly the same types of functions. It 
follows that Lemma [5.2. 131 is just a straightforward consequence of Lemma [5. 2. Ill □ 
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